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Abstract— In this paper, digital implementation of Hilbert
Transform in the LCT domain is proposed based on FIR filter.
First, some definitions are described such as linear canonical
transform, Hilbert transform, and analytical signal. Then, the
implementation principle is analyzed about Hilbert transform in
the LCT domain. Finally, the digital implementation method is
proposed based on FIR filter.

L INTRODUCTION

The classic Hilbert transform (HT) has been playing an
important role in the theory and practice of signal processing
[1-3]. In recent years, the HT was generalized to some
fractional versions, which is called fractional HT [4-7].

Linear canonical transform (LCT) has been proposed in the
seventies of the last century by Moshinsky and Collins [8,9],
whereas the special case with complex parameters was
mentioned earlier by Bargmann [10]. Like the fractional
Fourier transform (FrFT), LCT was used to solve differential
equation and analyze optical system initially. With the
development of FrFT in 1990s, LCT has been paid more and
more attention in the field of signal processing [11,12]. The
so-called Linear canonical Hilbert transform has been
proposed to further generalize the HT [13,14]. The purpose of
this paper is to study the Hilbert Transform in the LCT
domain and its digital implementation.

II.  HILBERT TRANSFORM IN THE LCT DOMAIN

A.

Linear Canonical Transform

The LCT is defined as [1]

Siapey @) =S, () =L* [s] () = L™ (s(1))
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where A denotes the parameters of LCT, A—[a 2] .
C

When (a, b,c,d ) = (cos o, sin ¢¢,—sin ¢, cos a) , LCT can
be simplified as
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L(cosa,sina,—sina,cosa) [S](u) — efja Sa (u)’ (2)
where S, (u) is the FrFT of s(f) with the rotation angle ¢ o
When (a,b,¢,d)=(0,1,-1,0), LCT can be simplified as

the Fourier transform (FT) with multiplier factor 4/— j like

L0195 Ju) = =7 - ¥s])

:\/__j'ﬁf:s(t)e‘j‘”dt =J-j-Sw) )

where S(u) is the FT of s(¢), ¥ (] denotes the operator of FT.

B.  Hilbert Transform
As early as 1946, Gabor applied Hilbert transform to

analytic signal composition [1], which is as follows:

5(O)=s,0)+ s, (1), 4)

where s(f) is a real signal, 5(¢) denotes the analytical signal
constructed on s«(¢), and si(?) is the Hilbert transform of s.(¢),

ie.

s;(0)=H[s.](@), 5)

where H [] denotes the Hilbert transformer. From the view of

spectrum composition, the analytic signal is obtained by
eliminating the negative spectrum part of the real signal.
Since the FT is a kind of linear transformation, according to
the construction equation of analytic signal as (4), the transfer
function of Hilbert transform in the frequency domain can be
obtained as follows:

—j, =0

T
j, <0

(6)

Therefore, following this mode, by eliminating the
negative spectrum part of real signals in the LCT domain, the
analytical signals in the LCT domain can be obtained as
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follows [4]:

5u()=s(e)+ A [s)e), b0, (7
where
_jitz jixz
HA[s )= ¢ J'+°°s(x)e ? ®)
- —oo r—x

Equation (8) is the Hilbert transform in the LCT domain
under the condition of analytic signal defined by (7). Further
we can obtain

— jsgn(w)L* [s)u), ifb<0 |
jsen(w)LA[s)u), ifb>0

LA[HA[slku)={

Therefore, the transfer function of Hilbert transform in
the LCT domain is as follows:

~ —jsgn(u), ifb<0
HA(u)_{jsgn(u), ifb>0 (10)
Equation (9) can be arranged as
LA A s]e) = LA [s)) H, 0) = 55 0) - Ha ). 11)

III. DIGITAL IMPLEMENTATION

A.  Implementation principle about Hilbert transform in the

LCT domain
Based on the convolution theorem for the LCT [15],
X, (u)=12 [x](u) » then we can obtain

let

(12)

where a>0. When a<0, the derivation has only one more
coefficient, i.e. —1. Obviously

w{mm[gﬂ(w):w[szkw)-maw). 13)

Let WX, Ju)= S, (), Y(au)=H, (),
H,(u)= ‘I‘[hA](u). we have
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‘P[XAK“)'GY(W):aSA(“)HA(“)a (14)

hA(r)=~v-l[HA]<t>=T-l[y(au>1(r>=§y(§j, (1s)

where ‘I’_l['] denotes the inverse operator of the FT. Thus
(13) can be manipulated as
wlo![s, J0)+any ()= ¥[x, Jo) av(aw). (16)

Therefore

Hoy ()-S5 ()= ¥(an)- w[¥ , Ju)

RN D

Let X, (u)=%" [SA ](u) , we replace ¢ by u, we obtain

2%66““ L? [LA [s]ku), B[? l] (18)
Thus
x(f)= reallL; [x, ](t)J, (19)

where real[-] denotes the operator for retaining the real part,

. [d —b]
A= .
—C a
According to (12), then

ejiu (‘I’fl[SA](u)*hA (u))zLA[x(t)*hA (at)](u). (20)
Let ¢=0, we obtain
(‘I”I[SA](M)*hA(u))=LA[x(t)*hA(at)}(u). 20

From (3), therefore

L’ [LA [x(¢)%h, (at)ﬂ(u)

P[PS,](1) %y (1) ](u)

0
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' o)
C=B~A=[O1 (1)][3 Z]:[Oa LZ]

So we can find the implementation method of Hilbert
transformer in the LCT domain with the parameters as C.
This method is described as follows:

Step 1: based on s(¢) and C, A, x(7) and h, (¢) are obtained

from (23), (19), (10), and (15).

where B —[

(23)

Step 2: through the convolution of x(¢) and ;hA (at).
=J

we can obtain the Hilbert transform of s(¢) in the LCT domain

with the parameters, C.

B.  Digital implementation associated with FIR filter

The above method implements Hilbert transform in LCT
domain. However, engineering applications are often based
on digital signal processing. Therefore, it is necessary to
further obtain the digital implementation of Hilbert transform
in the LCT domain. In other words, the above method is
needed to be converted to discrete Hilbert transform in the
LCT domain. So the direct way is to use the transfer function
of Hilbert transform in the LCT domain shown in (10). First,
Sa(m) is obtained through the discrete LCT of s(n). Then, the
discrete LCT of s(n) is obtained via the multiplication of
Sa(m) and the discrete version of the transfer function H , (u),
as shown as (10). This route is plausible, but this is not , in
fact, feasible. Because the periodic continuity will affect the
HT in the LCT domain, when processing in the analog mode
is switched to processing in the digital mode. That is to say,
the transfer function H,(u) , as shown as (10), will be

transformed into the periodic version H,, (1), as shown as
Fig. 1. In Fig. 1, f=1/t; denotes the sampling frequency,

be A and b<0.

H, () H,(u)

J J

-
|

u

~.

Bl:fs 12 |bl A

Fig. 1 Transfer function of Hilbert transform
in the LCT domain (when 5<0).
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From Fig. 1, it can be found that the transfer function
H,, (1) is an odd function, whose period is |b|-fs [15]. Thus, it
can be expanded by the Fourier series as

Hy,(u)= ian sin(2nnuts/

b)), (24)
n=1
2 ks .
a, :|b|7 "y /2HdA (u)-s1n(2nnuts/|b|) du
0 ,miseven (25)
- —ﬁ, n is ood
nn

The response in the time domain , 4,, (¢), can be discreted as
hy, (nt)) . So the transform equation of the discrete HT in the
LCT domain is as follows:

s, (nt) = H* [sdr](nts) = s, (nt,)*hy, (nt,), (26)

where sa(nts) and sqi(nts) are these discrete samples of s:(7)
and si(#) respectively. Convolution can be understood as the
superposition of input signal sq(nt) weighted by the response
in the time domain A, (nt,), so it can be realized through the
transverse delay filter. But first you need to determine the
response in the time domain, £, (n?,).

Z-transformation of 4, (nt,) is as follows:

+oo
Hi(2) = ZhdA (nt;) 2™

B @7)
=g (0) +Z[hdA (=nt) Z" + hyy (nt, )an]

n=l

J 272 fi

Using the variable substitution Z =e , and launch from

Euler's formula, we have

Hyy () =hgy (0)+

Z[hdA (—nt,)cos(27znft,)+ jhys (—nt,)sin(2znft,). (28)

n=1
+hyy (nt,)cos(27nft,) = jhyy (nt,)sin (27nft,) |

In the form of real part and imaginary part, (28) is written as

Hyo ()= H o (/) +Higa () » 29

where
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Hop (1) = hos (O)+§[hdA (ot )+ hyy (nt,)]cos (2zn, )

Hygu (f)= +Zj,[hdA (=nty) = hyn (nt, )] sin (27nft;)

(30)
Since H, (¢’ 27/} has only imaginary parts but no real
parts, we have 24a(0)=0, and hga(—nts)=—h(nt;). Thus,

Hor(f) = —212[[@ (nt,)sin (2, )] G1)
Since u=b-f, then (24) can be manipulated as
too
Hy, (f) = —a,sin(27nfi,), (32)
n=1
According to (25), we have
0 ,nmiseven
o (18,) = —i, nisood 33)
nm
From (33), then
. 0 , n1s even
N (nat) =y _2fja o (34)

nm

Thus, we can propose the two steps for implementing the
discrete HT of s(¢) in the LCT domain with the parameters C,
which is as follows:

Step 1: based on s(nt;) and C, we can obtain A, x(nt;) from
(23), (19), (10), and (15).
Step 2: from (26) and (34), the discrete convolution of x(nt)

h

1
ﬁdA

and (nat,) is realized through FIR filter.

IV. CONCLUSIONS

Since the LCT is the generalization of FT, we follow the
route that the analytic signal is obtained by the classic Hilbert
transform, and constitute the analytic signal for the LCT to
eliminate the negative parts of the LCT spectrum. Further we
studied the HT in the LCT domain, and propose the digital
implementation method.
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